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Abstract
We use the super version of RS construction method and Gauss decomposition to
obtain Drinfel′d’s currents realization of super Yangian double DY (gl(1|1)) with center
extension
Yangians and quantum affine algebras are quantum algebras which are related respectively with
rational and trigonometric solutions of Yang-Baxter equation [1]. The explicit isomorphism
between two realizations of quantum affine algebras and Yangians given by Drinfel′d [2] and
RS [3] was established by Ding and Frenkel [4] using Gauss decomposition. In this paper, we
use super version of RS construction method to define super Yangian double DY (gl(1|1)) [5]
with center extension, and get its Drinfeld’s currents realization by Guass decomposition.
By V we denote a Z2-graded two-dimension vector space (graded auxiliary space), and set
the first and second basis of V is even and odd respectively. In graded case, we must use this
tensor product form: (A ⊗ B)(C ⊗ D) = (−1)P (B)P (C)AC ⊗ BD, here P (A) = 0, 1 when A
is bosonic and Fermionic respectively. Then the graded(super) Yang-Baxter equation(YBE)
takes this form[6]:
η12R12(u)η13R13(u+ v)η23R23(v) = η23R23(v)η13R13(u+ v)η12R12(u), (1)
where R(u) ∈ End(V ⊗ V ) and it must obey weight conservation condition: Rij,kl 6= 0 only
when i + j = k + l. ηik,jl = (−1)
(i−1)(k−1)δijδlk . It’s easily proved that the following R(u)
matrix is a rational solution of super YBE:
R(u) =
1
u+ h¯
(uI + P) =

1 0 0 0
0 u
u+h¯
h¯
u+h¯
0
0 h¯
u+h¯
u
u+h¯
0
0 0 0 u−h¯
u+h¯

(2)
This sulution of graded YBE satisfied unitarity condition: R(u)R21(−u) = I. From this
rational solution of graded YBE, we can define the super Yangian double DY (gl(1|1)) with a
1
central extension employing super version of RS method [3]. Super Yangian Double
DY (gl(1|1)) is a Hopf algebra generated by {lkij|1 ≤ i, j ≤ 2, k ∈ Z} which obey the following
relations:
R(u− v)L±1 (u)ηL
±
2 (v)η = ηL
±
2 (v)ηL
±
1 (u)R(u− v) (3)
R(u− − v+)L
+
1 (u)ηL
−
2 (v)η = ηL
−
2 (v)ηL
+
1 (u)R(u+ − v−) (4)
here u± = u±
h¯
4
c and we have used standard notation: L±1 (u) = L
±(u)⊗1, L±2 (u) = 1⊗L
±(u)
and L±(u) =
(
l±ij(u)
)
1≤i,j≤2
, l±ij(u) are generate functions of l
k
ij :
l+ij(u) = δij − h¯
∑
k≥0
lkiju
−k−1, l−ij(u) = δij + h¯
∑
k<0
lkiju
−k−1. (5)
Hopf structure of DY (gl(1|1)) are defined as follows:
△
(
l±ij(u)
)
=
∑
k=1,2
l±kj(u±
h¯
4
c2)⊗ l
±
ik(u∓
h¯
4
c1)(−1)
(k+i)(k+j), (6)
ǫ
(
l±ij(u)
)
= δij , S
(
stL±(u)
)
=
[
stL±(u)
]−1
. (7)
here [stL±(u)]ij = (−1)
i+jl±ji(u) .
From Ding-Frenkel theorem[4] on two realizations of Yangians and quantum affine algebras,
L±(u) have the following decomposition:
L±(u) =
 1 0
f±(u) 1

 k±1 (u) 0
0 k±2 (u)

 1 e±(u)
0 1

=
 k±1 (u) k±1 (u)e±(u)
f±(u)k±1 (u) k
±
2 (u) + f
±(u)k±1 (u)e
±(u)
 (8)
and the inversions of L±(u) can be writed as:
L±(u)−1 =
 1 −e±(u)
0 1

 k±1 (u)−1 0
0 k±2 (u)
−1

 1 0
−f±(u) 1

=
 k±1 (u)−1 + e±(u)k±2 (u)−1f±(u) −e±(u)k±2 (u)−1
−k±2 (u)
−1f±(u) k±2 (u)
−1
 (9)
Let
X+(v) = e+(v−)− e
−(v+) X
−(v) = f+(v+)− f
−(v−) (10)
To calculate the (anti-)commutation relations of X±(u) and k±i (v) (i=1,2), we will use the
following equivalent forms of eq.(3)(4):
L±1 (u)
−1ηL±2 (v)
−1ηR(u− v) = R(u− v)ηL±2 (v)
−1ηL±1 (u)
−1 (11)
L+1 (u)
−1ηL−2 (v)
−1ηR(u− − v+) = R(u+ − v−)ηL
−
2 (v)
−1ηL+1 (u)
−1 (12)
L±1 (u)R(u− v)ηL
±
2 (v)
−1η = ηL±2 (v)
−1ηR(u− v)L±1 (u) (13)
L+1 (u)R(u+ − v−)ηL
−
2 (v)
−1η = ηL−2 (v)
−1ηR(u− − v+)L
+
1 (u) (14)
L±1 (u)
−1R21(v − u)ηL
±
2 (v)η = ηL
±
2 (v)ηR21(v − u)L
±
1 (u)
−1 (15)
L+1 (u)
−1R21(v+ − u−)ηL
−
2 (v)η = ηL
−
2 (v)ηR21(v− − u+)L
+
1 (u)
−1 (16)
2
From (3) (4) and (11)—(16), we can get all relations between k±1 (u) and k
±
2 (v) :
[k±1 (u) , k
±
1 (v)] = [k
+
1 (u) , k
−
1 (v)] = 0 (17)
[k±1 (u) , k
±
2 (v)] = [k
±
2 (u) , k
±
2 (v)] = 0 (18)
u± − v∓
u± − v∓ + h¯
k±1 (u)k
∓
2 (v)
−1 =
u∓ − v±
u∓ − v± + h¯
k∓2 (v)
−1k±1 (u) (19)
u− − v+ − h¯
u− − v+ + h¯
k+2 (u)
−1k−2 (v)
−1 =
u+ − v− − h¯
u+ − v− + h¯
k−2 (v)
−1k+2 (u)
−1 (20)
From (3)(4) and unitarity of R-matrix, we have the following relations between k±1 (u) and
e±(v), f±(v):
k±1 (u)k
±
1 (v)e
±(v)−
u− v
u− v + h¯
k±1 (v)e
±(v)k±1 (u)
−
h¯
u− v + h¯
k±1 (v)k
±
1 (u)e
±(u) = 0 (21)
k±1 (u)k
∓
1 (v)e
∓(v)−
u± − v∓
u± − v∓ + h¯
k∓1 (v)e
∓(v)k±1 (u)
−
h¯
u± − v∓ + h¯
k∓1 (v)k
±
1 (u)e
±(u) = 0 (22)
f±(v)k±1 (v)k
±
1 (u)−
u− v
u− v + h¯
k1(u)f
±(v)k±1 (v)
−
h¯
u− v + h¯
f±(u)k±1 (u)k
±
1 (v) = 0 (23)
f∓(v)k∓1 (v)k
±
1 (u)−
u∓ − v±
u∓ − v± + h¯
k±1 (u)f
∓(v)k∓1 (v)
−
h¯
u∓ − v± + h¯
f±(u)k±1 (u)k
∓
1 (v) = 0 (24)
thus
(u± − v + h¯)e
±(v∓)− (u± − v)k
±
1 (u)
−1e±(v∓)k
±
1 (u)− h¯e
±(u) = 0 (25)
(u± − v + h¯)e
∓(v±)− (u± − v)k
±
1 (u)
−1e∓(v±)k
±
1 (u)− h¯e
±(u) = 0 (26)
(u∓ − v + h¯)f
±(v±)− (u∓ − v)k
±
1 (u)f
±(v±)k
±
1 (u)
−1 − h¯f±(u) = 0 (27)
(u∓ − v + h¯)f
∓(v∓)− (u∓ − v)k
±
1 (u)f
∓(v∓)k
±
1 (u)
−1 − h¯f±(u) = 0 (28)
so
k±1 (u)
−1X+(v)k1±(u) =
u± − v + h¯
u± − v
X+(v) (29)
k±1 (u)X
−(v)k±1 (u)
−1 =
u∓ − v + h¯
u∓ − v
X−(v) (30)
Now, we derive relations between k±2 (u) and X
±(v). From(11)(12) and unitarity of R-
matirx, we have
u− v − h¯
u− v + h¯
e±(u)k±2 (u)
−1k±2 (v)
−1 −
u− v
u− v + h¯
k±2 (v)
−1e±(u)k±2 (u)
−1
3
+
h¯
u− v + h¯
e±(v)k±2 (v)
−1k±2 (u)
−1 = 0 (31)
u∓ − v± − h¯
u∓ − v± + h¯
e±(u)k±2 (u)
−1k∓2 (v)
−1 −
u± − v∓
u± − v∓ + h¯
k∓2 (v)
−1e±(u)k±2 (u)
−1
+
h¯
u± − v∓ + h¯
e∓(v)k∓2 (v)
−1k±2 (u)
−1 = 0 (32)
u− v − h¯
u− v + h¯
k±2 (v)
−1k±2 (u)
−1f±(u)−
u− v
u− v + h¯
k±2 (u)
−1f±(u)k±2 (v)
−1
+
h¯
u− v + h¯
k±2 (u)
−1k±2 (v)
−1f±(v) = 0 (33)
u± − v∓ − h¯
u± − v∓ + h¯
k∓2 (v)
−1k±2 (u)
−1f±(u)−
u∓ − v±
u∓ − v± + h¯
k±2 (u)
−1f±(u)k∓2 (v)
−1
+
h¯
u∓ − v± + h¯
k±2 (u)
−1k∓2 (v)
−1f∓(v) = 0 (34)
Using relations between k+2 (u) and k
−
2 (v) (18)(20), we have
(u∓ − v − h¯)e
±(u∓)− (u∓ − v)k
±
2 (v)
−1e±(u∓)k
±
2 (v) + h¯e
±(v) = 0 (35)
(u− v∓ − h¯)e
±(u∓)− (u− v∓)k
∓
2 (v)
−1e±(u∓)k
∓
2 (v) + h¯e
∓(v) = 0 (36)
(u± − v − h¯)f
±(u±)− (u± − v)k
±
2 (v)f
±(u±)k
±
2 (v)
−1 + h¯f±(v) = 0 (37)
(u− v± − h¯)f
±(u±)− (u− v±)k
∓
2 (v)f
±(u±)k
∓
2 (v)
−1 + h¯f∓(v) = 0 (38)
then
k±2 (u)
−1X+(v)k±2 (u) =
u± − v + h¯
u± − v
X+(v) (39)
k±2 (u)X
−(v)k±2 (u)
−1 =
u∓ − v + h¯
u∓ − v
X−(v) (40)
Now, we calculate the relations between X±(u) and X±(v) . From (3)(4) and unitarity of
R-matirx , we have
k±1 (u)e
±(u)k±1 (v)e
±(v) +
u− v − h¯
u− v + h¯
k±1 (v)e
±(v)k±1 (u)e
±(u) = 0 (41)
k±1 (u)e
±(u)k∓1 (v)e
∓(v) +
u± − v∓ − h¯
u± − v∓ + h¯
k∓1 (v)e
∓(v)k±1 (u)e
±(u) = 0 (42)
u− v − h¯
u− v + h¯
f±(u)k±1 (u)f
±(v)k±1 (v) + f
±(v)k±1 (v)f
±(u)k±1 (u) = 0 (43)
u∓ − v± − h¯
u∓ − v± + h¯
f±(u)k±1 (u)f
∓(v)k∓1 (v) + f
∓(v)k∓1 (v)f
±(u)k±1 (u) = 0 (44)
Using the above relations between X±(u) (or e±(u) and f±(u)) and k±1 (v), it’s easily to get the
following relations;
X+(u)X+(v) +X+(v)X+(u) = 0 (45)
X−(u)X−(v) +X−(v)X−(u) = 0 (46)
4
From (3)(4) and unitarity of R-matirx, we have following relations :
u− v
u− v + h¯
k±1 (u)e
±(u)f±(v)k±1 (v) +
u− v
u− v + h¯
f±(v)k±1 (v)k
±
1 (u)e
±(u)
−
h¯
u− v + h¯
(
k±2 (u) + f
±(u)k±1 (u)e
±(u)
)
k±1 (v)
−
h¯
u− v + h¯
(
k±2 (v) + f
±(v)k±1 (v)e
±(v)
)
k±1 (u) = 0 (47)
u∓ − v±
u∓ − v± + h¯
k±1 (u)e
±(u)f∓(v)k∓1 (v) +
u± − v∓
u± − v∓ + h¯
f∓(v)k∓1 (v)k
±
1 (u)e
±(u)
−
h¯
u∓ − v± + h¯
(
k±2 (u) + f
±(u)k±1 (u)e
±(u)
)
k∓1 (v)
−
h¯
u± − v∓ + h¯
(
k∓2 (v) + f
∓(v)k∓1 (v)e
∓(v)
)
k±1 (u) = 0 (48)
then using (23)(24) and the following relations which also from (3)(4) and unitarity of
R-matirx:
k±1 (u)e
±(u)k±1 (v)−
u− v
u− v + h¯
k±1 (v)k
±
1 (u)e
±(u)
−
h¯
u− v + h¯
k±1 (v)e
±(v)k±1 (u) = 0 (49)
k±1 (u)e
±(u)k∓1 (v)−
u± − v∓
u± − v∓ + h¯
k∓1 (v)k
±
1 (u)e
±(u)
−
h¯
u± − v∓ + h¯
k∓1 (v)e
∓(v)k±1 (u) = 0 (50)
we obtain:
e±(u)f±(v) + f±(v)e±(u) =
h¯
u− v
k±1 (u)
−1k±2 (u)−
h¯
u− v
k±1 (v)
−1k±2 (v) (51)
e±(u)f∓(v) + f∓(v)e±(u) =
h¯
u∓ − v±
k±1 (u)
−1k±2 (u)−
h¯
u± − v∓
k∓1 (v)
−1k∓2 (v) (52)
then
{X+(u) , X−(v)} = h¯
[
δ(u− − v+)k
+
1 (u−)
−1k+2 (u−)− δ(u+ − v−)k
−
1 (v−)
−1k−2 (v−)
]
(53)
where δ(u− v) =
∑
k∈Z u
kv−k−1.
In a word, we get all relations between k±i (u) (i=1,2) and X
±(v):
[k±1 (u) , k
±
1 (v)] = [k
+
1 (u) , k
−
1 (v)] = 0 (54)
[k±1 (u) , k
±
2 (v)] = [k
±
2 (u) , k
±
2 (v)] = 0 (55)
u± − v∓
u± − v∓ + h¯
k±1 (u)k
∓
2 (v)
−1 =
u∓ − v±
u∓ − v± + h¯
k∓2 (v)
−1k±1 (u) (56)
u− − v+ − h¯
u− − v+ + h¯
k+2 (u)
−1k−2 (v)
−1 =
u+ − v− − h¯
u+ − v− + h¯
k−2 (v)
−1k+2 (u)
−1 (57)
k±i (u)
−1X+(v)k±i (u) =
u± − v + h¯
u± − v
X+(v) (i = 1, 2) (58)
5
k±i (u)X
−(v)k±i (u)
−1 =
u∓ − v + h¯
u∓ − v
X−(v) (i = 1, 2) (59)
{X+(u) , X+(v)} = {X−(u) , X−(v)} = 0 (60)
{X+(u) , X−(v)} = h¯
[
δ(u− − v+)k
+
1 (u−)
−1k+2 (u−)− δ(u+ − v−)k
−
1 (v−)
−1k−2 (v−)
]
(61)
Introducing a transformation for currents:
K±(u) = k±1 (u+
h¯
2
)−1k±2 (u+
h¯
2
) H±(u) = k±1 (u−
h¯
2
)k±2 (u+
h¯
2
) (62)
E(u) = X+(u+ h¯
2
) F (u) = X−(u+
h¯
2
) (63)
then all relations among K±(u), H±(u), E(u) and F (u) can be calculated as follows:
[K±(u) , K±(v)] = [K+(u) , K−(v)] = 0 (64)
[H±(u) , H±(v)] = [K±(u) , H±(v)] = 0 (65)
u∓ − v± − h¯
u∓ − v± + h¯
H±(u)K∓(v) = K∓(v)H±(u)
u± − v∓ − h¯
u± − v∓ + h¯
(66)(
u∓ − v± − h¯
u∓ − v± + h¯
)2
H±(u)H∓(v) = H∓(v)H±(u)
(
u± − v∓ − h¯
u± − v∓ + h¯
)2
(67)
[K±(u) , E(v)] = [K±(u) , F (v)] = 0 (68)
E(v)H±(u) =
u± − v + h¯
u± − v − h¯
H±(u)E(v) (69)
H±(u)F (v) =
u∓ − v + h¯
u∓ − v − h¯
F (v)H±(u) (70)
{E(u) , F (v)} = h¯
[
δ(u− − v+)K
+(u−)− δ(u+ − v−)K
−(v−)
]
(71)
The co-product structure can be derived directly from (6)(7) :
△
(
E±(u)
)
= E±(u)⊗ 1 +H±(u∓
h¯
4
c1)⊗ E
±(u∓
h¯
2
c1) (72)
△
(
F±(u)
)
= 1⊗ F±(u) + F±(u±
h¯
2
c2)⊗H
±(u±
h¯
4
c2) (73)
△
(
H±(u)
)
= H±(u±
h¯
4
c2)⊗H
±(u∓
h¯
4
c1)− 2F
±(u±
h¯
4
c2 ∓
h¯
4
c1 − h¯)H
±(u±
h¯
4
c2)⊗
H(u∓
h¯
4
c1)
±E±(u±
h¯
4
c2 ∓
h¯
4
c1 − h¯)) (74)
△
(
K±(u)
)
= K±(u±
h¯
4
c2)⊗K
±(u∓
h¯
4
c1) (75)
ǫ(K±(u)) = ǫ(H±(u)) = 1 (76)
ǫ(E±(u)) = ǫ(F±(u)) = 0 (77)
The quantum affine superalgebra Uq
̂(gl(1|1)) corresponding to the trigonometric solution of
super YBE have also been studied in our paper [7] and the general case Uq
̂(gl(m|n)) have been
independently worked out by Zhang [8].
6
References
[1] V.G. Drinfel′d, “Quantum Groups”, Proc.ICM-86(Berkeley). Vol.1. NewYork Academic
Press 1986, 789
[2] V.G. Drinfel′d: Soviet Math. Dokl. 36 (1988) 212
[3] N.Yu. Reshetikhin and M.A. Semenov-Tian-Shansky, Lett. Math. Phys. 19 (1990) 133
[4] J. Ding and I.B. Frenkel, Commun. Math. Phys. 156 (1993) 277
[5] J.F. Cai, G.X. Ju, K. Wu and S.K. Wang, “Super Yangian Double DY (gl(1|1)) and Its
Gauss Decomposition ”, preprint, q-alg/9701011
[6] L. Liao and X.C. Song, Mod. Phys. Lett. A6 (1991) 959
[7] J.F. Cai, S.K. Wang, K. Wu and W.Z. Zhao, “Drinfel′d Realization of Quantum Affine
Superalgebra Uq
̂(gl(1|1))”, preprint, q-alg/9703022
[8] Y.Z. Zhang “Comments on Drinfeld Realization of Quantum Affine Superalgebra
Uq[gl(m|n)
(1)] and Its Hopf Algebra Structure”, preprint, q-alg/9703020
7
